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EISENSTEIN COHOMOLOGY FOR CONGRUENCE SUBGROUPS OF
SO(n, 2)
GERALD GOTSBACHER
Abstrat. The automorphi ohomology of a onneted redutive algebrai group de-
ned over Q deomposes as a diret algebrai sum of uspidal and Eisenstein ohomology.
The present paper investigates the Eisenstein ohomology for ongruene subgroups of a
rational form G of Q-rank 2 of SO(n, 2) in the generi ase. The main result provides
a desription of the internal struture of the summands in the Eisenstein ohomology
orresponding to maximal paraboli Q-subgroups.
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Introdution
Let there be given a onneted linear semisimple algebrai group G dened over Q, a on-
gruene subgroup Γ ⊂ G(Q) and an irreduible nite dimensional omplex representation
(τ,E) of Γ. The group ohomology H∗(Γ, E) of Γ with oeients in E has a desription
in terms of the automorphi spetrum of Γ. More preisely, let g denote the Lie algebra
of G(C), K some maximal ompat subgroup of G = G(R) and AE(Γ\G) the spae of
automorphi forms on Γ\G with respet to E. It is then a onsequene of a result of J.
Franke (Theorem 18 in [Fra℄) that the group ohomology H∗(Γ, E) is isomorphi to the
automorphi ohomology H∗(g,K;AE(Γ\G) ⊗ E) of Γ.
Eisenstein ohomology refers to the attempt to onstrut ohomology lasses (in the
automorphi ohomology of Γ) in terms of Eisenstein series assoiated to usp forms for the
projetion of Γ to a Levi subgroup of G and to ultimately desribe a natural orthogonal
omplement of the uspidal ohomology in the automorphi ohomology of Γ. The basi
idea is due to G. Harder (f. [Har2℄) and appeals to the theory of Eisenstein series as
developed by R. Langlands (f. [Lan℄, [M-W℄).
2000 Mathematis Subjet Classiation. 11F75, 11F55, 11E57.
Key words and phrases. Cohomology of arithmeti groups, Eisenstein series, Classial groups.
The author was supported by the Austrian Siene Fund (FWF), projet no. P16762 at the University
of Vienna when the results of this paper were obtained.
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The remainder of this introdution gives a brief outline of the tehnique of Eisenstein
ohomology in terms of the algebrai Q-group G hosen for the present paper, though in
the adèli and representation-theoreti setting.
1
Thus, for the moment G is to denote a Q-rational form of Q-rank 2 of the real semisimple
Lie group SO(n, 2) for n ≥ 5, (τ,E) to be an irreduible nite-dimensional omplex repre-
sentation of G and AE = AE(G(Q)\G(A)) the spae of adèli automorphi forms for G
with respet to E. The automorphi ohomology of G with oeients in E is the relative
Lie algebra ohomology H∗(g,K;AE⊗E) allowing of a deomposition as an algebrai diret
sum
H∗(g,K; ◦AE ⊗ E)⊕
⊕
{P}6={G}
H∗(g,K;AE,{P} ⊗ E),
where
◦AE denotes the spae of usp forms in AE, {P} the assoiate lass of a paraboli
Q-subgroup P ⊂G and AE,{P} ⊂ AE the spae of automorphi forms negligible along every
paraboli Q-subgroup Q ⊂ G with Q 6∈ {P}. The algebrai diret sum of the summands
indexed by {P} 6= {G} is alled the Eisenstein ohomology of G.
As for the sope of the present work the aount of the Eisenstein ohomology for maximal
paraboli Q-subgroups given is subjet to the overall hypothesis that the highest weight λτ of
(τ,E) be regular. That is, it is regular Eisenstein ohomology lasses whih are onstruted.
Sine the assoiate and onjugay lasses of paraboli Q-subgroups oinide for the given
group G, it sues to restrit to standard paraboli Q-subgroups P.
The onstrution starts from so-alled lasses of type (π,w) in the uspidal ohomology of
the Levi omponent LP of P. The type omprises a minimal oset representative w for the
orbit spae of the Weyl group WLP of LP ating on the Weyl group W of G; and essentially
an irreduible unitary representation π of the group of real points of LP with non-trivial
ohomology twisted by an irreduible nite-dimensional omplex rational representation of
LP indued by (τ,E) and depending on w. The set W
P
of minimal oset representatives
w is determined expliitly for the two standard maximal paraboli Q-subgroups P ⊂ G
by way of produing what is alled the Hasse diagram of a partially ordered set, in this
ase of the W -orbit of a ertain weight assoiated to P. Setion 5.1 gives the results. In
partiular, it is the usage of the Hasse diagram of P enabling one to overome the tehnial
diulties in dealing with the elements of WP arising from the fat that its order grows
polynomially along with n. Appendix A provides a onise introdution to the notion of
Hasse diagram as it is utilised here. The representations π of the Levi omponents LP for
the two standard maximal paraboli Q-subgroups P ⊂ G are desribed in setion 5.3 up to
unitary equivalene aording to the Vogan-Zukerman lassiation.
Finally, lifting a given lass of type (π,w) into H∗(g,K;AE,{P}⊗E) by means of paraboli
indution followed by Eisenstein summation, the thus obtained Eisenstein series is evaluated
at a ertain point λw stemming from λτ in a way that is uniquely determined by w ∈WP and
all non-trivial lasses are identied. A desription of the summands H∗(g,K;AE,{P} ⊗ E)
in the Eisenstein ohomology orresponding to standard maximal paraboli Q-subgroups
P ⊂ G is displayed in the main Theorems 5 to 7 of the paper.
I'd like to express my gratitude to Joahim Shwermer for sharing his knowledge and
expertise.
1. Preliminaries
Redutive algebrai Q-groups. As in the introdution G will always denote some on-
neted linear algebrai group dened over Q, whih heneforth is allowed to be redu-
tive. For any ommutative Q-algebra A the group of A-points of G is dened to be
G(A) = G ∩GLn(A).
1
For a thorough survey of the eld see [Sh3℄, for a detailed desription of the method see [Sh1℄.
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The group of omplex, resp. rational haraters of G dened over Q is denoted as X(G),
resp. XQ(G). The algebrai Q-subgroup
◦G =
⋂
χ∈XQ(G)
kerχ2 is normal in G and ontains
all ompat and arithmeti subgroups of G(R).
Absolute root system and minimal oset representatives. The root system for a pair (G,T)
where T is a maximal Q-torus in G, is denoted as Φ = Φ(G,T). The Weyl group
W (G,T) = NG(T)/ZG(T) of the pair (G,T) is frequently identied to the Weyl group
W =W (Φ) of the root system Φ without mention.
Let B ⊂ G be a Borel subgroup suh that B ⊃ T with orresponding positive system Φ+.
Suppose P ⊃ B be a standard paraboli subgroup of G and LP ⊂ P some Levi subgroup.
The Weyl group WLP = W (Φ(LP,T)) of the root system Φ(LP,T) an be embedded into
W and the quotient WLP\W has a distinguished set of representatives, the set
WP = {w ∈W |w−1(∆(LP,T)) ⊂ Φ+}
of minimal oset representatives. Here, ∆(LP,T) is to denote the set of simple roots of the
positive system on Φ(LP,T) indued by Φ
+
.
Relative root system and paraboli Q-subgroups. Given a maximal Q-split torus in S ⊂ G
suh that S ⊂ T the set of rational roots is denoted as QΦ = QΦ(G,S). Moreover, if QΦ+
is a positive system it is assumed that Φ+ be a ompatible positive system, that is QΦ
+
lies
in the image of Φ+ under the restrition map X(T)→ X(S).
The paraboli Q-subgroups P whih are standard with respet to S and QΦ
+
are in
1 − 1 orrespondene with the subsets I of the set Q∆ ⊂ QΦ+ of simple rational roots.
Speially, if I ⊂ Q∆, set AI = (
⋂
α∈I kerα)
◦
for the subtorus of S dened by I and
LI = ZG(AI) for its entraliser. The latter one is the Levi omponent of a unique paraboli
Q-subgroup PI of G with unipotent radial denoted by NI . Sine LI is an almost diret
produt LI = MIAI where MI =
◦LI , the Levi deomposition of PI admits the renement
PI = MIAINI . For an arbitrary paraboli Q-subgroup P of G the alike deomposition is
written as P = MPAPNP.
Two paraboli Q-subgroups P,Q ⊂ G are alled assoiate, if there is an element g ∈ G(Q)
suh that
gLQ = LP, where
g· = int(g) denotes the inner automorphism on G indued by
g. The assoiate lass of P is denoted by {P} and the nite olletion of all these by C.
The group of real points and Lie algebras. The omplex Lie algebra of an algebrai
Q-group G will be denoted as g = Lie(G(C)). The real form of g orresponding to the
group G(R) of real points will be indiated by putting a `0' as subsript, that is (g0)C = g.
In addition, for an abelian Lie algebra a the dual is denoted as aˇ. If h ⊂ g is a Cartan
subalgebra an arbitrary element in hˇ will be denoted by λ, as will be its restrition to
aP ⊂ h.
Often the group G(R) of real points of an algebrai Q-group will be denoted by G, the
onneted omponent ontaining the identity by G+. The symmetri spae X assoiated
to G is the spae of maximal ompat subgroups of G. If K ⊂ G is a maximal ompat
subgroup let Θ, resp. θ denote the orresponding Cartan involution on G, resp. g0. The
Cartan deomposition is written as g0 = k0 ⊕ p0 with k0 = LieK and p0 the −1-eigenspae
of θ. Whereas the intersetion of K with a subgroup H ⊂ G will be written as KH , the
orresponding restritions of the Cartan involution, resp. deomposition are denoted with
the same letters. By ommon abuse of language the unique omplex linear extension of θ
to g is alled Cartan involution again and denoted by the same letter. In addition, let σ
denote the onjugation on g indued by g0.
Let h0 ⊂ g0 be a maximally ompat θ-stable Cartan subalgebra and set t0 = h0 ∩ k0
for the ompat, a0 = h0 ∩ p0 for the non-ompat part. Next, suppose q ⊂ g is a θ-stable
paraboli subalgebra ontaining h, i.e. q is stable under θ and σq∩ q is a maximal redutive
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Lie subalgebra. Let u be its nil radial and q = l ⊕ u a Levi deomposition. In 5.3 the set
Φ(u ∩ p) of weights for the adjoint ation of t in u ∩ p will be of signiane. In addition,
ρ(u ∩ p) is to denote half the sum of all weights in Φ(u ∩ p). Notation will be analogous for
any redutive Lie subalgebra of g0.
The group of adèles and adèli automorphi forms. The ring of adèles over Q is
denoted as A. It is the diret produt A = R×Af of the eld of real numbers and the ring
Af of nite adèles.
Let Kad ⊂ G(A) be a maximal ompat subgroup of the group of adèles of G. It
writes as a produt Kad = KKf with Kf ⊂ G(Af ) a restrited produt Kf =
∏
pKp
over all primes p ∈ Q, and Kp ⊂ G(Qp) a maximal ompat subgroup. In addition, it is
assumed that Kad is in good position relative to the minimal paraboli Q-subgroup P0 ⊂ G
orresponding to the hoie of QΦ
+
. The latter ondition implies that the standard height
funtion HP : P(A) → aP for a standard paraboli Q-subgroup P ⊃ P0 has an extension
to G(A), again denoted by HP.
Let Z(g) be the enter of the universal enveloping algebra U(g) of g. Then Z(g) ats on
the dual representation Eˇ of E. Let I ⊂ Z(g) be the annihilator of Eˇ in Z(g) and set AE for
the spae of omplex-valued, Kad-nite, smooth funtions of uniform moderate growth on
G(Q)\G(A) whih are annihilated by a power of I . The spae AE is a (g,K;G(Af ))-module
and its elements are alled adèli automorphi forms for G (relative to E).
2. Automorphi ohomology for ongruene groups
In the present and subsequent setion G is assumed to have Q-anisotropi enter and
positive semisimple Q-rank. As before (τ,E) denotes some irreduible nite-dimensional
omplex representation of G of highest weight λτ . As stated in the introdution the au-
tomorphi ohomology of G with respet to E by denition is the relative Lie algebra
ohomology H∗(g,K;AE ⊗ E) with oeients in AE twisted by E.
2.1. Deomposition along the uspidal support. The spae AE allows of a deompo-
sition along the uspidal support of distint assoiate lasses of paraboli Q-subgroups. (See
[F-S℄, [M-W℄ for details).
First, let VG = C
∞
umg
(G(Q)\G(A)) be the spae of smooth, omplex-valued funtions on
G(Q)\G(A) of uniform moderate growth, and for {P} ∈ C set VG({P}) for the spae of
elements of VG whih are negligible along Q ⊂ G for every paraboli Q-subgroup Q 6∈ {P}.
That is, the onstant term of an element in VG({P}) with respet to Q is orthogonal to
the spae of usp forms on MQ. The spae VG is a (g,K;G(Af ))-module and admits a
deomposition
VG =
⊕
{P}∈C
VG({P})
as a nite diret sum of (g,K;G(Af ))-modules as proved by Langlands
2
. This deomposition
desends to the submodule AE, that is
AE =
⊕
{P}∈C
AE,{P}
with AE,{P} = AE ∩ VG({P}) and the isomorphism being one of (g,K;G(Af ))-modules.
(Of ourse, AE,{G} = ◦AE).
Next, let Q ∈ {P} and π be an irreduible representation of LQ(A), unitary modulo the
enter, and suh that (1) the entral harater χpi : AQ(A)→ C× is trivial on AQ(Q), (2) π
ours in the uspidal summand
◦L2(LQ(Q)\LQ(A))χpi and (3) the innitesimal harater
2
See A. Borel, J.-P. Labesse, J. Shwermer, On the uspidal ohomology of S-arithmeti subgroups of
redutive groups over number elds. Compositio Math. 102 (1996), no. 1, 140.
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of π mathes the innitesimal harater of the dual representation Eˇ. These onditions
entail some ompatibility requirements (f. [F-S℄ p. 771) and we let φQ ∋ π be a nite set
of suh representations meeting them. As a onsequene, two suh sets φQ, φQ′ for Q,Q
′ ∈
{P} are assoiate by the dual of the inner automorphism of G mapping the respetive
Levi omponents to one another. Finally, let ΦE,{P} denote the olletion of all lasses
φ = {φQ}Q∈{P}.
Let π ∈ φQ for some φ ∈ ΦE,{P}, where Q ∈ {P} and set dχpi ∈ aˇQ for the dierential
of the entral harater χpi restrited to A
+
Q. Then
◦L2pi(LQ(Q)A
+
Q\LQ(A))χpi shall denote
the spae of all uspidal automorphi forms on LQ(A) whih transform aording to π.
Furthermore, let π˜ denote the irreduible unitary representation of LQ(A) obtained by
normalising π with respet to the ation of the entral harater χpi on AQ. LetWQ,p˜i be the
(g,K)-module of smooth, Kad-nite funtions f : LQ(Q)NQ(A)A
+
Q\G(A) → C suh that
for any g ∈ G(A) the funtion l 7→ f(lg) for l ∈ LQ(A) belongs to ◦L2p˜i(LQ(Q)A+Q\LQ(A))χpi .
To f ∈ WQ,p˜i and λ ∈ aˇQ we now assoiate an Eisenstein series EGQ (f, λ) to be a funtion
in g ∈ G(A), whenever onvergent:
EGQ (f, λ)(g) =
∑
γ∈Q(Q)\G(Q)
e〈HQ(γg),λ+ρQ〉f(γg).
Given that the real part of λ lies inside the positive Weyl hamber dened by Q being in
addition suiently regular this series is known to onverge normally for g in a ompat set.
As a funtion in λ it admits a meromorphi ontinuation to all of aˇQ (f. [M-W℄ II.1.5).
Finally, we dene AE,{P},φ ⊂ AE,{P} as the spae generated by all residues and derivatives
of Eisenstein series EGQ (f, λ) for f ranging through WQ,p˜i. (Notie that this spae is denoted
by A˜E,{P},φ in [F-S℄). Then there is a deomposition
AE =
⊕
{P}∈C
⊕
φ∈ΦE,{P}
AE,{P},φ
of (g,K;G(Af ))-modules giving rise to the
Theorem 1. ([F-S℄) Let G be a onneted redutive algebrai Q-group the enter of whih
is anisotropi over Q, and suppose it have positive semisimple Q-rank. Then there is a diret
sum deomposition in ohomology
H∗(g,K;AE ⊗ E) =
⊕
{P}∈C
⊕
φ∈ΦE,{P}
H∗(g,K;AE,{P},φ ⊗ E),
where as before C denotes the set of lasses {P} of assoiate paraboli Q-subgroups and
ΦE,{P} the set of lasses φ = {φQ}Q∈{P} of assoiate irreduible uspidal automorphi
representations of the Levi omponents of elements Q ∈ {P}.
2.2. Cuspidal lasses of type (π,w). Notation is as before, exept heneforth we hoose
P ∈ {P} and π shall denote either a uspidal automorphi representation of LP belonging
to some φ ∈ ΦE,P or its arhimedean omponent. For λ ∈ aˇP let IndG(A)P(A),pi,λ denote the
representation of G indued from π by paraboli indution. Then there is an isomorphism
WP,p˜i ⊗ λ ≃ (IndG(A)P(A),pi,λ)m0(pi)
of (g,K)-modules, where m0(π) denotes the multipliity of π in
◦L2(LP(Q)\LP(A)). This
way the G(Af )-ation on Ind
G(A)
P(A),pi,λ arries over toWP,p˜i. Moreover, the symmetri algebra
Sym(aˇP) of aˇP an be regarded as the spae of dierential operators
∂ν
∂λν
with onstant
oeients in aˇP for some multi-index ν.
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Now, there exists a polynomial funtion q(λ) on aˇP suh that for every f ∈ WP,p˜i there
is a neighbourhood of dχpi ∈ aˇP, in whih q(λ)EGP (f, λ) is holomorphi (f. [M-W℄ IV.1).
Hene, for π ∈ φP and φP ∈ φ the mapping
f ⊗ ∂
ν
∂λν
7−→ ∂
ν
∂λν
(q(λ)EGP (f, λ))|dχpi
whih assigns to an element f ⊗ ∂ν
∂λν
the derivative of q(λ)EGP (f, λ) at dχpi with respet to
∂ν
∂λν
yields a homomorphism
WP,p˜i ⊗ Sym(aˇP)→ AE,{P},φ
of (g,K;G(Af ))-modules.
The Hohshild-Serre spetral sequene in the ategory of (p,KP )-modules
3
(f. [B-W℄ III.
Thm 3.3) assoiated to the double omplex obtained from replaing the oeient module
in D∗ = D∗(p,KP ;Hpi ⊗ Sym(aˇP) ⊗ E) by some injetive resolution of it abuts to the
ohomology of D∗, degenerates and has seond term Ep,q2 = H
p(lP,KLP ;Hpi ⊗Hq(nP, E)⊗
Sym(aˇP)). Provided that the highest weight λτ of (τ,E) is dominant by a theorem of
Kostant (f. [Kos℄, 5.13) there is an isomorphism of LP(C)-modules
Hq(nP, E) =
⊕
w∈WP, l(w)=q
Fµw
where µw = w(λτ + ρ) − ρ, resp. its restrition to the Cartan subalgebra orresponding to
T ∩MP and Fµ denote an irreduible LP-module of highest weight µ. As a result,
Ep,q2 =
⊕
w∈WP, l(w)=q
Hp(lP,KLP ;Hpi ⊗ Fµw ⊗ Sym(aˇP))
in view of whih deomposition we give the
Denition. A ohomology lass in H∗(lP,KLP ;Hpi ⊗ Fµw ⊗ Sym(aˇP)) is alled a lass of
type (π,w).
Remark. If the highest weight λτ of (τ,E) is regular, the weights µw, w ∈WP are regular
when restrited to the Cartan subalgebra orresponding to T ∩MP.
3. Eisenstein ohomology in the generi ase
The highest weight λτ of the irreduible nite dimensional omplex rational representation
(τ,E) of G is now assumed to be regular. With notation as before the adèli version of
Theorem 4.11 in [Sh1℄ is
Theorem 2. ([Sh1℄) Let P be a paraboli Q-subgroup ofG andQ ∈ {P} any element in its
assoiate lass. If the Eisenstein series EGQ (f, λ) attahed to a non-trivial ohomology lass
in H∗(g,K;WQ,p˜i ⊗ Sym(aˇQ) ⊗ E) of type (π,w), where π ∈ φQ, w ∈ WQ and f ∈ WQ,p˜i,
is holomorphi at the point λw = −w(λτ + ρ)|aQ , then EGQ (f, λw) represents a non-trivial
ohomology lass in H∗(g,K;AE,{P},φ ⊗ E).
Conerning the question of holomorphy of the Eisenstein series EGQ (f, λ) at λw an ar-
mative answer an be given in general for maximal paraboli Q-subgroups.
Theorem 3. ([Sh4℄) Let P be a maximal paraboli Q-subgroup of G and Q ∈ {P} any
element in its assoiate lass. Let EGQ (f, λ) be the Eisenstein series attahed to a non-trivial
ohomology lass in H∗(g,K;WQ,p˜i⊗Sym(aˇQ)⊗E) of type (π,w), where π ∈ φQ, w ∈WQ
suh that l(w) ≥ 12dimRNQ(R), and f ∈ WQ,p˜i. Then the meromorphi ontinuation of
EGQ (f, λ) to aˇQ is holomorphi at λw.
3
This is the only instane where p = Lie(P(C)).
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The vanishing theorem to follow was proven independently by J.-S. Li & J. Shwermer
and L. Saper and is ited from [L-S℄. The bounds for vanishing are given in terms of the
two quantities: l0(G(R)) = rk(G(R)) − rk(K), where rk is to denote the absolute rank of
the group in question, and q0(G(R)) =
1
2 (dimX − l0(G(R))).
Theorem 4. If {P} ∈ C is a lass of assoiate paraboli Q-subgroups and {P} 6= {G}, then
the summand H∗(g,K;AE,{P} ⊗ E) is spanned by regular Eisenstein ohomology lasses
and Hq(g,K;AE,{P} ⊗E) = 0 for q < q0(G(R)).
This is Theorem 5.5 in [L-S℄ for the ase that the enter of G is anisotropi over Q.
Remark. Using Poinaré duality (f. Theorem 5.6 in [L-S℄) it an be inferred that in the
generi ase the uspidal ohomology of G vanishes outside the interval [q0(G), q0(G) +
l0(G)].
Finally, let vd(G) = dimX − rkQG be the virtual ohomologial dimension of G. Then
the range of non-vanishing of the automorphi ohomology of G with respet to the degree
is given by the interval [q0(G(R)), vd(G)].
4. A rational form of SO(n, 2)
Let V be a vetor spae over Q of dimension n+ 2 and f the regular quadrati form on
V of Witt-index 2 represented by the symmetri matrix
F = Fn,2 =

 0 0 I20 In−2 0
I2 0 0


with In the n× n identity matrix. Let SO(f) denote the group of proper isometries of the
rational quadrati spae (V, f) and G the Q-rational form of Q-rank 2 of the self-adjoint
semisimple linear algebrai group SO(n+ 2,C) obtained from SO(f).
The group G = G(R) of real points of G is isomorphi to the real semisimple Lie group
SO(n, 2), whih has two onneted omponents in the real topology.
Remark. For the sake of a treatment of the groups SO(n, 2)  with n growing arbitrarily
 as uniform as possible, it is assumed from now on that n ≥ 5 implying, in partiular, that
G is not (quasi)-split.4
The Lie algebra. The Lie algebra g of G(C) is realised as the matrix algebra of omplex
(n+ 2)× (n+ 2)-matries X being skew-symmetri with respet to F . Then the real form
g0 = LieG is the subalgebra of all suh X with real entries. The Cartan involution on g0 is
written as θ : X 7→ FXF .
As g is isomorphi to so(n+2,C) the type of its root system depends on the parity of n.
In partiular, the type is Bn+1
2
if 2 ∤ n and Dn+2
2
if 2 | n. Throughout, both ases will be
treated separately, although an attempt is made to keep redundany as little as possible.
4.1. Rational roots and standard paraboli Q-subgroups P. The subgroup S =
{sa1,a2 = diag(a1, a2, 1, ..., 1, a−11 , a−12 ) ∈ G} is a maximal Q-split torus in G with rational
haraters a1 : sa1,a2 7→ a1 and a2 : sa1,a2 7→ a2. The relative root system of (G,S), whih
is of type B2, is then given as the set
QΦ = {a1a−12 , a−11 a2, a1, a2, a−11 , a−12 , a−11 a−12 , a1a2},
4
For n ∈ {2, 3, 4} the speial orthogonal group SO(n, 2) is isogenous to (the diret produt of) other
semisimple real Lie groups, the real root system of whih is of type A I, C I and A III in the Cartan
numbering, respetively. As a matter of fat these ases are overed by the existing literature (f. [Har1℄,
[Sh2℄, [H-S℄).
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where moreover α1 = a1a
−1
2 and α2 = a2 are hosen to be simple.
The paraboli Q-subgroups P of G standard with respet to S and QΦ
+
are parametrised
by the subsets I of Q∆ = {α1, α2}. The maximal ones are listed below.5 In ase of I1 = {α2}
the orresponding standard maximal paraboli Q-subgroup P1 is desribed by
A1 = {sa1,a2 ∈ S|a2 = 1}
L1 =


g ∈ G
∣∣∣g =


a1 0 0 0 0
0 a2 u2 0 v2
0 x2 b 0 w2
0 0 0 a−11 0
0 y2 z2 0 c2




≃ SO(Fn−1,1)×GL1
M1 = {g ∈ L1|a1 = ±1} ≃ SO(Fn−1,1)× Z/2Z
N1 =



 a u v0 In−2 −tu
0 0 ta−1


∣∣∣∣∣ a =
(
1 ∗
0 1
)
, u =
(
u1
0
)
,
v = a(r − 1
2
utu), r ∈Mat2×2, tr = −r


is abelian and dimN1(R) = n.
In ase of I2 = {α1} the orresponding standard maximal paraboli Q-subgroup P2 is
desribed by
A2 = {sa1,a2 ∈ S|a2 = a1}
L2 =

g ∈ G
∣∣∣g =

 a 0 00 b 0
0 0 ta−1



 ≃ SO(Fn−2)×GL2
M2 =
{
g ∈ L2|a ∈ SL±2
} ≃ SO(Fn−2)× SL±2
N2 =



 I2 u r − 12utu0 In−2 −tu
0 0 I2


∣∣∣∣∣r ∈Mat2×2, tr = −r


is non-abelian and dimN2(R) = 2n− 3.
Remark. The onjugay lasses and the assoiate lasses of paraboli Q-subgroups of G
oinide.
4.2. The absolute root system. A maximal Q-torus T ⊂ G ontaining S is given by
T = S × SO(F2)k−2. A positive system Φ+ ompatible with QΦ+ is provided in terms of
the Lie algebra h of its entraliser H = T.
The odd ase. Let 2 ∤ n and set 2k = n + 1. The root system of g is of type Bk in this
ase. In the realisation of g mentioned above the Cartan subalgebra h onsists of omplex
blok-diagonal matries H = diag(a, b,−a), where a = diag(a1, a2) and b itself is a skew-
symmetri 2 × 2-blok diagonal matrix with the (n − 2)nd olumn and row being zero. A
blok of b is written in the form (
0 bj
−bj 0
)
with j = 2i+ 1 denoting the j-th row for 1 ≤ i ≤ k − 2. The set of roots for h in g is
Φ = Φ(g, h) = {±εi ± εj ,±εi|1 ≤ i < j ≤ k}
5
As for notation, the matrix Fk,l with k, l ∈ N and possibly l = 0 should always be interpreted in analogy
to Fn,2 as at the beginning of the present setion.
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with linear funtionals ε1(H) = a1, ε2(H) = a2 on the symmetri a-blok and εi+2(H) =√−1bj for 1 ≤ i ≤ k − 2 on the skew-symmetri b-blok. The simple roots in Φ are hosen
to be αi = εi − εi+1 for 1 ≤ i ≤ k − 1 and αk = εk. Thus, the restrition of the root α1,
resp. α2 to s is the dierential at the identity of the harater α1, resp. α2 in Q∆.
The standard maximal paraboli Q-subgroups Pi are depited via rossed Dynkin dia-
grams.
P1 P2
. . . >× ◦ ◦ ◦ . . . >◦ × ◦ ◦ ◦.
The set ∆(Li) of simple roots of the redutive algebrai Q-group Li an then be read o
diretly from the diagram as
∆(L1) = ∆ \ {α1}, ∆(L2) = ∆ \ {α2}.
The even ase. Let now 2 | n and set 2k = n + 2. Then the root system of g is of type
Dk. The Cartan subalgebra h ⊂ g orresponding to the hoie of T has the same form as in
the odd ase, this time, however, with b being of maximal rank. With notation analogous
to the odd ase the set of roots for h in g is
Φ = Φ(g, h) = {±εi ± εj |1 ≤ i < j ≤ k}
and the simple roots in Φ are hosen to be αi = εi−εi+1 for 1 ≤ i ≤ k−1 and αk = εk−1+εk.
The positive system Φ+ dened by the simple roots is ompatible with the one on QΦ dened
by Q∆ and the rossed Dynkin diagrams for the standard maximal paraboli Q-subgroups
Pi are
P1 P2
✚
✚
❩
❩
. . .× ◦ ◦
◦
◦
✚
✚
❩
❩
. . .◦ × ◦ ◦
◦
◦
whih exhibit the sets ∆(Li) to be formally the same as in the odd ase.
4.3. The Levi subalgebras. Consider the rst standard maximal paraboli Q-subgroup
P1. Then m1 = Lie(M1(C)) is realised relative to Fn−1,1. Set b1 = h ∩ m1 for the Cartan
subalgebra of m1 obtained from h ⊂ g, then
b1 = {X ∈ m1|X = diag(a2, b,−a2), a2 ∈ C,diag(0, b, 0) ∈ h} .
Consider now the seond standard maximal paraboli Q-subgroup P2. Then m2 =
Lie(M2(C)) is the Lie subalgebra of g onsisting of blok diagonal matries diag(a, b,−a) ∈ g
with a of trae zero. Set b2 = h∩m2 for the Cartan subalgebra of m2 obtained from h ⊂ g,
then
b2 = {X ∈ m2|a = diag(a1,−a1),diag(0, b, 0) ∈ h} .
As for i ∈ {1, 2} the Levi subalgebra li ∼= mi ⊕ ai with ai the enter of li, the Cartan
subalgebra h deomposes as h ∼= bi ⊕ ai, whih is even true in terms of the real forms.
4.4. Fundamental weights and oordinates. The fundamental weights dened by ∆
are denoted in Bourbaki notation (f. [Bou℄, Planhe II, IV) and every weight λ ∈ hˇ will
be written in oordinates λ = (λ1, ..., λk) relative to the fundamental weights. Also, a
dominant weight λ is regular if and only if λi > 0 for all i ∈ {1, . . . , k}. Suppose aˇi, resp. bˇi
be identied with the spae of all linear forms on h vanishing on bi, resp. ai. In this way a
anonial isomorphism hˇ ∼= aˇi ⊕ bˇi an be obtained, whih in turn allows to restrit weights
on h in a anonial way to its diret summands.
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The odd ase. Let 2 ∤ n and set 2k = n + 1. A basis of fundamental weights for eah of
the diret summands of the Cartan subalgebra is given in ase of i = 1 by
̟11 = ̟1 ∈ aˇ1 and
̟12 = (−1, 1, 0, . . . , 0), ̟13 = (−1, 0, 1, 0, . . . , 0), . . .
. . . , ̟1k = (− 12 , 0, . . . , 0, 1) ∈ bˇ1
and in ase i = 2 by
̟21 = ̟2 ∈ aˇ2 and
̟22 = (1,− 12 , 0, . . . , 0), ̟23 = (0,−1, 1, 0, . . . , 0), . . .
. . . , ̟2k = (0,− 12 , 0, . . . , 0, 1) ∈ bˇ2.
Aordingly, the restrition of λ = (λ1, . . . , λk) ∈ hˇ to ai and bi is given by:
(λ1, . . . , λk)|a1 = (λ1 + · · ·+ λk−1 + 12λk)̟11
(λ1, . . . , λk)|b1 = λ2̟12 + · · ·+ λk̟1k
and
(λ1, . . . , λk)|a2 = (12λ1 + λ2 + · · ·+ λk−1 + 12λk)̟21
(λ1, . . . , λk)|b2 = λ1̟22 + λ3̟23 + · · ·+ λk̟2k
Finally, let ρ denote half the sum of the positive roots in Φ and ρi = ρ|ai its restrition
to ai, i = 1, 2. Then their oordinates are
ρ = (1, . . . , 1), ρ1 = (
n
2 , 0, . . . , 0), ρ2 = (0,
n−1
2 , 0, . . . , 0).
The even ase. Let 2 | n and set 2k = n + 2. A basis of fundamental weights for eah of
the diret summands of the Cartan subalgebra in ase of i = 1:
̟11 = ̟1 ∈ aˇ1 and
̟12 = (−1, 1, 0, . . . , 0), . . . , ̟1k−2 = (−1, 0 . . . , 0, 1, 0, 0),
̟1k−1 = (− 12 , 0, . . . , 0, 1, 0), ̟1k = (− 12 , 0, . . . , 0, 1) ∈ bˇ1
and in ase i = 2:
̟21 = ̟2 ∈ aˇ2 and
̟22 = (1,− 12 , 0, . . . , 0), ̟23 = (0,−1, 1, 0, . . . , 0), . . .
. . . , ̟2k−2 = (0,−1, 0 . . . , 0, 1, 0, 0), ̟2k−1 = (0,− 12 , 0, . . . , 0, 1, 0),
̟2k = (0,− 12 , 0, . . . , 0, 1) ∈ bˇ2.
Aordingly, the restrition of λ = (λ1, . . . , λk) ∈ hˇ to ai and bi is given by:
(λ1, . . . , λk)|a1 = (λ1 + · · ·+ 12λk−1 + 12λk)̟11
(λ1, . . . , λk)|b1 = λ2̟12 + · · ·+ λk̟1k
and
(λ1, . . . , λk)|a2 = (12λ1 + λ2 + · · ·+ 12λk−1 + 12λk)̟21
(λ1, . . . , λk)|b2 = λ1̟22 + λ3̟23 + · · · + λk̟2k
The oordinates of ρ and ρi = ρ|ai are formally idential to the ones in the odd ase.
5. Classes of type (π,w)
The ohomologial ontribution of the summand Hq(g,K;AE,{P}⊗E), P a proper stan-
dard paraboli Q-subgroup of G, to the automorphi ohomology of G an be reonstruted
from uspidal lasses of types (π,w). Their determination starts with the seond parameter.
As for the question of how to obtain the elements of WP expliitly appendix A establishes
an algorithm based on the results of [Kos℄.
EISENSTEIN COHOMOLOGY FOR CONGRUENCE SUBGROUPS OF SO(n, 2) 11
5.1. Minimal oset representatives. The Weyl group W = W (Φ) of the root system
Φ = Φ(G,T) = Φ(g, h) is generated by the reetions sαi at the simple roots αi for 1 ≤
i ≤ k from setion 4.2. For the sake of onveniene the generators of W will be written as
{s1, . . . , sk}.
The following sets out to display the elements of WP for the standard maximal paraboli
Q-subgroups of G uniformly for all n ≥ 5. Along with w ∈ WP the number N(l) of suh
per length l = l(w) will be provided.
5.1.1. The rst standard maximal paraboli Q-subgroup. The Weyl group WL1 is generated
by the elements s2, . . . , sk given that the positive system on Φ(L1,T) is the one indued by
Φ+. Let WP1 denote the set of minimal oset representatives of WL1\W .
The odd ase. Let 2 ∤ n and set again 2k = n + 1. The order of WP1 is given as
|WP1 | = n+ 1 and the set WP1 is atually omputed in table 1.
Table 1. w ∈WP1
l(w) w N(l)
0 1 1
1 s1 1
2 s1s2 1
.
.
.
.
.
.
.
.
.
k s1 · · · sk−1sk 1
k + 1 s1 · · · sk−1sksk−1 1
.
.
.
.
.
.
.
.
.
n− 2 s1 · · · sk−1sksk−1 · · · s3 1
n− 1 s1 · · · sk−1sksk−1 · · · s3s2 1
n s1 · · · sk−1sksk−1 · · · s3s2s1 1
The even ase. Let 2 | n and 2k = n + 2. The order of WP1 is given as |WP1 | = n + 2
and the set WP1 is provided by table 2.
Table 2. w ∈WP1
l(w) w N(l)
0 1 1
1 s1 1
2 s1s2 1
.
.
.
.
.
.
.
.
.
k − 2 s1 · · · sk−2 1
k − 1
{
s1 · · · sk−2sk−1
s1 · · · sk−2sk
2
k s1 · · · sk−2sk−1sk 1
.
.
.
.
.
.
.
.
.
n− 2 s1 · · · sk−2sk−1sksk−2 · · · s3 1
n− 1 s1 · · · sk−2sk−1sksk−2 · · · s3s2 1
n s1 · · · sk−2sk−1sksk−2 · · · s3s2s1 1
5.1.2. The seond standard maximal paraboli Q-subgroup. The Weyl group WL2 is gener-
ated by the elements s1, s3, . . . , sk. Let W
P2
denote the set of minimal oset representatives
of WL2\W .
12 GERALD GOTSBACHER
The odd ase. Let 2 ∤ n and set 2k = n + 1. The order of WP2 is given as |WP2 | =
(n+1)(n−1)
2 and the set W
P2
is omputed in table 3.
Table 3. w ∈WP2
l(w) w N(l)
0 1 1
1 s2 1
2
{
s2s3
s2s1
2
3
{
s2s3s4
s2s1s3
2
.
.
.
.
.
.
.
.
.
n− 3


s2s3 · · · sk · · · s3,s2s1s3s4 · · · sk · · · s4,
s2s1s3s2s4 · · · sk · · · s5, . . .
. . . , s2s1s3s2s4s3 · · · sk−1sk−2
n−1
2
n− 2


s2s3 · · · sk · · · s3s2,s2s1s3s4 · · · sk · · · s4s3,
s2s1s3s2s4 · · · sk · · · s5s4, . . .
. . . , s2s1s3s2s4s3 · · · sk−1sk−2sk
n−1
2
n− 1


s2s3 · · · sk · · · s2s1,s2s1s3s4 · · · sk · · · s3s2,
s2s1s3s2s4 · · · sk · · · s4s3, . . .
. . . , s2s1s3s2s4s3 · · · sk−1sk−2sksk−1
n−1
2
n


s2s3 · · · sk · · · s2s1s2,s2s1s3s4 · · · sk · · · s3s2s3,
s2s1s3s2s4 · · · sk · · · s4s3s4, . . .
. . . , s2s1s3s2s4s3 · · · sk−1sk−2sksk−1sk
n−1
2
.
.
.
.
.
.
.
.
.
2n− 6
{
s2s3 · · · sk · · · s2s1s2 · · · sk · · · s5
s2s1s3s4 · · · sk · · · s3s2s3 · · · sk · · · s4
2
2n− 5
{
s2s3 · · · sk · · · s2s1s2 · · · sk · · · s5s4
s2s1s3s4 · · · sk · · · s3s2s3 · · · sk · · · s4s3
2
2n− 4 s2s3 · · · sk · · · s2s1s2 · · · sk · · · s5s4s3 1
2n− 3 s2s3 · · · sk · · · s2s1s2 · · · sk · · · s5s4s3s2 1
Remark. As it stands table 3 applies to ases n ≥ 9. For n = 5, 7 obvious minor adjust-
ments are in plae.
The even ase. Let 2 | n and 2k = n+2. The set WP2 has order |WP2 | = (n+2)n2 and its
elements are displayed in table 4.
Remark. As it stands table 4 is valid for ases n ≥ 10 only. Again the remaining ases
n = 6, 8 an be easily supplied by minor adjustments.
5.2. The simple LP-modules of Kostant's theorem. As an immediate appliation of
the determination of the minimal oset representatives this setion provides a listing of
weights µw = w(λ + ρ) − ρ for w ∈ WPi , resp. their restritions to the Cartan subalgebra
bi for i = 1, 2 ourring in Kostant's theorem. Notation is as in 4.4.
The rst standard maximal paraboli Q-subgroup. Let λ ∈ hˇ be a weight. The restrition of
λ = (λ1, . . . , λk) to the Cartan subalgebra b1 is formally idential in the odd and even ase:
(λ1, . . . , λk)|b1 = λ2̟12 + · · · + λk̟1k.
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Table 4. w ∈WP2
l(w) w N(l)
0 1 1
1 s2 1
2
{
s2s3
s2s1
2
3
{
s2s3s4
s2s1s3
2
.
.
.
.
.
.
.
.
.
n− 3


s2s3 · · · sksk−2 · · · s3,s2s1s3s4 · · · sksk−2 · · · s4
s2s1s3s2s4s5 · · · sksk−2 · · · s5, . . .
. . . , s2s1s3s2s4s3 · · · sk−3sk−4sk−2sk−1sk,
s2s1s3s2s4s3 · · · sk−2sk−3
{
sk−1
sk
n
2
n− 2


s2s3 · · · sksk−2 · · · s3s2,s2s1s3s4 · · · sksk−2 · · · s4s3
s2s1s3s2s4s5 · · · sksk−2 · · · s5s4, . . .
. . . , s2s1s3s2s4s3 · · · sk−3sk−4sk−2sk−1sksk−2,
s2s1s3s2s4s3 · · · sk−2sk−3


sk−1sk
sksk−2
sk−1sk−2
n+2
2
n− 1


s2s3 · · · sksk−2 · · · s2s1,s2s1s3s4 · · · sksk−2 · · · s3s2
s2s1s3s2s4 · · · sksk−2 · · · s4s3, . . .
. . . , s2s1s3s2s4s3 · · · sk−3sk−4sk−2sk−1sksk−2sk−3,
s2s1s3s2s4s3 · · · sk−2sk−3


sk−1sksk−2
sksk−2sk−1
sk−1sk−2sk
n+2
2
n


s2s3 · · · sksk−2 · · · s2s1s2,s2s1s3s4 · · · sksk−2 · · · s3s2s3
s2s1s3s2s4 · · · sksk−2 · · · s4s3s4, . . .
. . . , s2s1s3s2s4s3 · · · sk−3sk−4sk−2sk−1sksk−2sk−3sk−2,
s2s1s3s2s4s3 · · · sk−2sk−3sk−1sksk−2
{
sk
sk−1
n
2
.
.
.
.
.
.
.
.
.
2n− 6
{
s2s3 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s5
s2s1s3s4 · · · sksk−2 · · · s3s2s3 · · · sk−2sk · · · s4
2
2n− 5
{
s2s3 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s5s4
s2s1s3s4 · · · sksk−2 · · · s3s2s3 · · · sk−2sk · · · s4s3
2
2n− 4 s2s3 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s5s4s3 1
2n− 3 s2s3 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s5s4s3s2 1
The odd ase. Let 2 ∤ n and set 2k = n + 1. Table 5 lists the weights w(λ + ρ) − ρ|b1 in
this ase.
Remark. For reasons of onsisteny it is assumed that 2 ≤ i ≤ k − 2 in table 5.
The even ase. Let 2 | n and set 2k = n + 2. For table 6 below it is assumed that
2 ≤ i ≤ k − 3.
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Table 5. Restrition of µw = w(λ+ ρ)− ρ to b1 for w ∈WP1 : odd ase
l(w) w µw|b1
0 1 (λ2, . . . , λk)
1 s1 (λ2 + λ1 + 1, λ3, . . . , λk)
.
.
.
.
.
.
.
.
.
i s1 · · · si (λ1, . . . , λi−1, λi+1 + λi + 1, λi+2, . . . , λk)
.
.
.
.
.
.
.
.
.
k − 1 s1 · · · sk−1 (λ1, . . . , λk−2, λk + 2λk−1 + 2)
k s1 · · · sk−1sk (λ1, . . . , λk−2, λk + 2λk−1 + 2)
.
.
.
.
.
.
.
.
.
n− i s1 · · · sk−1sksk−1 · · · si+1 (λ1, . . . , λi−1, λi+1 + λi + 1, λi+2, . . . , λk)
.
.
.
.
.
.
.
.
.
n− 1 s1 · · · sk−1sksk−1 · · · s2 (λ2 + λ1 + 1, λ3, . . . , λk)
n s1 · · · sk−1sksk−1 · · · s2s1 (λ2, . . . , λk)
Table 6. Restrition of µw = w(λ+ ρ)− ρ to b1 for w ∈WP1 : even ase
l(w) w µw|b1
0 1 (λ2, . . . , λk)
1 s1 (λ2 + λ1 + 1, λ3, . . . , λk)
.
.
.
.
.
.
.
.
.
i s1 · · · si (λ1, . . . , λi−1, λi+1 + λi + 1, λi+2, . . . , λk)
.
.
.
.
.
.
.
.
.
k − 2 s1 · · · sk−2 (λ1, . . . , λk−3, λk−1 + λk−2 + 1, λk + λk−2 + 1)
k − 1
(
s1 · · · sk−2sk−1
s1 · · · sk−2sk
(λ1, . . . , λk−3, λk−2, λk + λk−2 + λk−1 + 2)
(λ1, . . . , λk−3, λk + λk−2 + λk−1 + 2, λk−2)
k s1 · · · sk−2sk−1sk (λ1, . . . , λk−3, λk + λk−2 + 1, λk−1 + λk−2 + 1)
.
.
.
.
.
.
.
.
.
n− i s1 · · · sk−1sksk−1 · · · si+1 (λ1, . . . , λi−1, λi+1 + λi + 1, λi+2, . . . , λk, λk−1)
.
.
.
.
.
.
.
.
.
n− 1 s1 · · · sk−1sksk−1 · · · s2 (λ2 + λ1 + 1, λ3, . . . , λk, λk−1)
n s1 · · · sk−1sksk−1 · · · s2s1 (λ2, . . . , λk, λk−1)
The seond standard maximal paraboli Q-subgroup. The restrition of λ = (λ1, . . . , λk) ∈ hˇ
to b2 is formally idential in the odd and even ase. It is given as (λ1, . . . , λk)|b2 = λ1̟22+
λ3̟23 + · · ·+ λk̟2k.
As always, the natural number k is hosen suh that 2k = n+1, if 2 ∤ n, resp. 2k = n+2,
if 2 | n. Tables 7 and 8 provide the weights µw|b2 in respetive ases.
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Table 7. Restrition of µw = w(λ+ ρ)− ρ to b2 for w ∈WP2 : odd ase
l(w) w µw|b2
0 1 (λ1, λ3, . . . , λk)
1 s2 (λ1 + λ2 + 1, λ3 + λ2 + 1, λ4, . . . , λk)
.
.
.
.
.
.
.
.
.
k − 1
8><
>:
s2 · · · sk
s2s1s3s4 · · · sk−1
et.
(λ1 + . . .+ λk + (k − 1), λ2, . . . , λk−2, λk + 2λk−1 + 2)
(λ2 + . . .+ λk−1 + (k − 3), λ2 + λ1 + 1, λ3, . . . , λk−2, λk + 2λk−1 + 2)
et.
.
.
.
.
.
.
.
.
.
n− 2
8>>><
>>>:
s2 · · · sk · · · s2
s2s1s3s4 · · · sk · · · s4s3
.
.
.
s2s1s3s2s4s3 · · · sk−1sk−2sk
(λ1 + . . .+ λk + . . .+ λ2 + (2k − 3), λ3, . . . , λk)
(λ2 + . . .+ λk + . . .+ λ3 + (2k − 5), λ3 + λ2 + λ1 + 2, λ4, . . . , λk)
.
.
.
(λk−1 + λk + 1, λ1, . . . , λk−3, λk + 2(λk−1 + λk−2) + 4)
n− 1
8>>><
>>>:
s2 · · · sk · · · s2s1
s2s1s3s4 · · · sk · · · s4s3s2
.
.
.
s2s1s3s2s4s3 · · · sk−2sksk−1
(λ1 + . . .+ λk + . . .+ λ2 + (2k − 3), λ3, . . . , λk)
(λ2 + . . .+ λk + . . .+ λ3 + (2k − 5), λ3 + λ2 + λ1 + 2, λ4, . . . , λk)
.
.
.
(λk−1 + λk + 1, λ1, . . . , λk−3, λk + 2(λk−1 + λk−2) + 4)
.
.
.
.
.
.
.
.
.
3k − 4
8><
>:
s2 · · · sk · · · s2s1s2 · · · sk−1
s2s1s3s4 · · · sk · · · s2 · · · sk
et.
(λ1 + . . .+ λk + (k − 1), λ2, . . . , λk−2, λk + 2λk−1 + 2)
(λ2 + . . .+ λk−1 + (k − 3), λ2 + λ1 + 1, λ3, . . . , λk−2, λk + 2λk−1 + 2)
et.
.
.
.
.
.
.
.
.
.
2n− 4 s2 . . . sk . . . s2s1s2 . . . sk . . . s3 (λ1 + λ2 + 1, λ3 + λ2 + 1, λ4, . . . , λk)
2n− 3 s2 · · · sk · · · s2s1s2 · · · sk · · · s2 (λ1, λ3, . . . , λk)
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Table 8. Restrition of µw = w(λ+ ρ)− ρ to b2 for w ∈WP2 : even ase
l(w) w µw |b2
0 1 (λ1, λ3, . . . , λk)
1 s2 (λ1 + λ2 + 1, λ3 + λ2 + 1, λ4, . . . , λk)
.
.
.
.
.
.
.
.
.
k − 1
8><
>:
s2 · · · sk
s2s1s3s4 · · · sk−1
et.
(λ1 + . . .+ λk + (k − 1), λ2, . . . , λk−3, λk + λk−2 + 1, λk−1 + λk−2 + 1)
(λ2 + . . .+ λk−1 + (k − 3), λ2 + λ1 + 1, λ3, . . . , λk−2, λk + λk−1 + λk−2 + 2)
et.
.
.
.
.
.
.
.
.
.
n− 2
8>>><
>>>:
s2s3 · · · sksk−2 · · · s3s2
s2s1s3s4 · · · sksk−2 · · · s4s3
.
.
.
s2s1s3s2s4 · · · sk−2sk−3sk−1sk−2
(λ1 + . . .+ λk + λk−2 + . . .+ λ2 + (2k − 4), λ3, . . . , λk−2, λk, λk−1)
(λ2 + . . .+ λk + λk−2 + . . .+ λ3 + (2k − 6), λ3 + λ2 + λ1 + 2, λ4, . . . , λk−2, λk, λk−1)
.
.
.
(λk, λ1, . . . , λk−4, λk−3 + . . .+ λk + λk−2, λk−3)
n− 1
8>>><
>>>:
s2s3 · · · sksk−2 · · · s2s1
s2s1s3s4 · · · sksk−2 · · · s3s2
.
.
.
s2s1s3s2s4 · · · sk−2sk−3sk−1sk−2sk
(λ1 + . . .+ λk + λk−2 + . . .+ λ2 + (2k − 4), λ3, . . . , λk−2, λk, λk−1)
(λ2 + . . .+ λk + λk−2 + . . .+ λ3 + (2k − 6), λ3 + λ2 + λ1 + 2, λ4, . . . , λk−2, λk, λk−1)
.
.
.
(λk, λ1, . . . , λk−4, λk−3 + . . .+ λk + λk−2, λk−3)
.
.
.
.
.
.
.
.
.
3k − 6
8><
>:
s2s3 · · · sksk−2 · · · s2s1s2 · · · sk−2
s2s1s3s4 · · · sksk−2 · · · s4s3s2s3 · · · sk
et.
(λ1 + . . .+ λk + (k − 1), λ2, . . . , λk−3, λk + λk−2 + 1, λk−1 + λk−2 + 1)
(λ2 + . . .+ λk−1 + (k − 3), λ2 + λ1 + 1, λ3, . . . , λk−2, λk + λk−1 + λk−2 + 2)
et.
.
.
.
.
.
.
.
.
.
2n− 4 s2 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s3 (λ1 + λ2 + 1, λ3 + λ2 + 1, λ4, . . . , λk)
2n− 3 s2 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s2 (λ1, λ3, . . . , λk)
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5.3. Cohomologial representations. The determination of data ourring as type (π,w)
now proeeds to investigating the irreduible uspidal automorphi representations π of
LP(A) with non-zero ohomology at the arhimedean plae, ohomologial representations
for short.
These are desribed in terms of the Vogan-Zukerman lassiation via its Harish-Chandra
modules Aq(λ) (f. [V-Z℄), whih in turn are parametrised by pairs (q, λ), where q is a
θ-stable paraboli subalgebra of m = mP and λ is an admissible one dimensional represen-
tation of the Levi fator l of q. (Throughout the present setion this is the only meaning
of λ, and this meaning of λ is onned to that one setion). The onstrutive part of
the Vogan-Zukerman lassiation states that for (q, λ) there exists a unique irreduible
(m,K+M )-module Aq(λ) with non-zero ohomology.
Sine the isomorphism lass of Aq(λ) is determined by its minimal K
+
M -type, it will
sue to give a omplete set of representatives of pairs (q, λ) up to K+M -onjugay realising
all possible minimalK+M -types. With notation as in setion 1 the minimal K
+
M -type of Aq(λ)
is equal to λ|t+2ρ(u∩p). So atually, it will sue to give a omplete set of representatives
of pairs (q, λ) realising all possible sets Φ(u ∩ p). Also, instead of q ⊂ m its Levi subgroup
L = NM (q), the normaliser of q in M , will be given.
5.3.1. The rst standard maximal paraboli Q-subgroup. Let P = P1 and drop the index
for all objets assoiated to P. In partiular, write L = SO(Fn−1,1) ×GL1 for the Levi
omponent andM ≃ SO(n−1, 1) for the group of real points of the semisimple part therein.
Reall that the Cartan deomposition orresponding to KM is written m0 = k0 ⊕ p0. Also,
notie that an element X ∈ m0 looks like
X =

 a u 0x b −tu
0 −tx −a


with a ∈ R, x and tu vetors in Rn−2 and b skew-symmetri with respet to In−2.
The odd ase. Assume 2 ∤ n and set 2(k−1) = n−1. Then m is of type Bk−1, rkm = rkk,
and bc0 = {H ∈ k0|b blok diagonal of 2 × 2 bloks, u = (0, . . . , 0, un−2)} is a maximally
ompat θ-stable Cartan subalgebra. The linear funtional ε2 now extrats
√−2un−2. Sine
it is trivial that εi ∈ Φ(u ∩ p) implies εi−1 ∈ Φ(u ∩ p) for 3 ≤ i ≤ k, the possibilities for
Φ(u ∩ p) are
∅, {ε2}, {ε2, ε3} . . . , {ε2, . . . , εk−1,±εk}.
A omplete set of representatives of θ-stable paraboli subalgebras realising all possible
sets Φ(u ∩ p) is given by any olletion of θ-stable paraboli subalgebras q0, . . . , qk−2, q±k−1
ontaining bc and with Levi subgroups isomorphi to the redutive groups listed in table 9.
Table 9. Levi subgroups
i Li
0 SO(2(k − 1), 1)+
1 SO(2)× SO(2(k − 2), 1)+
.
.
.
.
.
.
i SO(2)i × SO(2(k − i− 1), 1)+
.
.
.
.
.
.
k − 1 SO(2)k−1
Let F = Fµ be an irreduible nite dimensional representation of SO(n,C) with highest
weight µ. For 0 ≤ i ≤ k− 2 there is exatly one irreduible unitary representation Ai(λ) of
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SO(n− 1, 1)+ with non-zero ohomology twisted by F , the one with λ|bc = µ, and
Hq(m,K+M ;Ai(λ)⊗ Fµ) =
{
C q = i, n− 1− i, λ|bc = µ
0 otherwise.
For i = k−1 on the other hand there are two irreduible unitary representations A±k−1(λ)
of SO(n−1, 1)+ with non-zero ohomology twisted by F orresponding to whether Φ(u∩p)
ontains εk or −εk.
Remark. Sine the Levi subgroup Li is ompat for i = k − 1, the two representations
A±k−1(λ) belong to the disrete series of M
+
.
If the highest weight µ of F is assumed to be regular the neessary ondition λ|bc = µ
an be met only in ase of the two representations A±k−1(λ). As for a representation of
M = SO(n − 1, 1) onsider the indued representation IndMM+(A+k−1) = IndMM+(A−k−1), the
restrition of whih bak to M+ gives the diret sum A+k−1(λ) ⊕ A−k−1(λ). The nal result
is summarised in
Proposition 1. Let F be an irreduible nite dimensional representation of SO(n,C) of
regular highest weight µ, also denoted by Fµ. The irreduible quotient Ak−1(λ) of the
indued representation Ind
M
M+(A
+
k−1(λ)) = Ind
M
M+(A
−
k−1(λ)), where λ = µ, then is the
unique irreduible unitary representation of SO(n−1, 1) with non-zero ohomology twisted
by F and
Hq(m,KM ;Ak−1(λ)⊗ Fµ) =
{
C q = k − 1, λ = µ
0 otherwise.
The even ase. Let now 2 | n and set 2(k − 1) = n. Then m is of type Dk−1 and
rkm = rkk + 1. The real form b0 of the Cartan subalgebra of m hosen in 4.3 is both
maximally ompat and maximally split. Here, the linear funtionals introdued above are
ordered as ε3 ≥ ε4 ≥ . . . ≥ εk ≥ ε2. (The reason for the reordering is that the positive
system to be dened on Φ(m, b) needs to be θ-stable). In analogy with the odd ase, the
possibilities for Φ(u ∩ p) are
∅, {ε3}, . . . , {ε3, . . . , εk}.
A omplete set of representatives of θ-stable paraboli subalgebras realising all possible sets
Φ(u∩ p) is given by any olletion of θ-stable paraboli subalgebras q0, . . . , qk−2 ontaining
b and with Levi subgroups isomorphi to the redutive groups listed in table 10.
Table 10. Levi subgroups
i Li
0 SO(2k − 3, 1)+
1 SO(2)× SO(2k − 5, 1)+
.
.
.
.
.
.
i SO(2)i × SO(2k − 2i− 3, 1)+
.
.
.
.
.
.
k − 3 SO(2)k−3 × SO(3, 1)+
k − 2 SO(2)k−2 × SO(1, 1)+
Remark. The groups displayed do not exhaust the Levi subgroups of non-isomorphi θ-
stable paraboli subalgebras of m; e.g. there is always one being isomorphi to SO(2)k−2 ×
SO(2, 1)+. Still, they parametrise all non-isomorphi irreduible (m,K+M )-modules with
non-zero ohomology determined by the Vogan-Zukerman lassiation.
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Let F = Fµ be an irreduible nite dimensional representation of SO(n,C) with highest
weight µ. For 0 ≤ i ≤ k− 2 there is exatly one irreduible unitary representation Ai(λ) of
SO(n− 1, 1)+ with non-zero ohomology twisted by F , the one where λ|b = µ, and
Hq(m,K+M ;Ai(λ)⊗ Fµ) =

 C q = i, n − 1− i,
λ|b = µ if 2 | k − 1
λ|b = η(µ) if 2 ∤ k − 1
0 otherwise.
(Here, η denotes the Dynkin diagram automorphism indued by the unique element of
maximal length in W , interhanging αk−1 and αk).
Remark. The representation Ak−2(λ) is tempered, unitarily indued.
Assume the highest weight µ of F now to be regular and onsider the indued represen-
tation Ak−2(λ) = Ind
M
M+(Ak−2(λ)) of M . The nal result is ontained in
Proposition 2. Let F be an irreduible nite dimensional representation of SO(n,C) of
regular highest weight µ = (µ2, . . . , µk), also denoted by Fµ. If µk = µk−1, the irreduible
quotient Ak−2(λ) of Ind
M
M+(Ak−2(λ)), where λ = µ is the unique irreduible unitary repre-
sentation of SO(n− 1, 1) with non-zero ohomology twisted by F and
Hq(m,KM ;Ak−2(λ)⊗ Fµ) =
{
C q = k − 2, k − 1, λ = µ
0 otherwise.
If µk 6= µk−1, there is no irreduible unitary representation of SO(n− 1, 1)+ with non-zero
ohomology twisted by F .
Remark. Rewriting µ = (µ2, . . . , µk) in oordinates for the linear funtionals εi get
µ = (µ2 + . . .+ µk−2 +
1
2
(µk−1 + µk))ε2 + . . .+
1
2
(µk−1 + µk)εk−1 +
1
2
(−µk−1 + µk)εk.
Doing the same thing for an admissible harater λ of Li, i ∈ {1, . . . , k − 2} yields
λ = n2ε2 + . . .+ nk−1εk−1
with ni ∈ Z, sine λ is assumed to be unitary. Given that µ is regular the requirement
λ|b = µ an be met only if on the one hand λ is admissible with respet to Φ+(m, t), that
is ni 6= 0 for 2 ≤ i ≤ k − 1, and on the other −µk−1 + µk = 0.
5.3.2. The seond standard maximal paraboli Q-subgroup. Let P = P2 and drop the index
for all objets assoiated to P. In partiular, L = SO(Fn−2)×GL(2) shall denote the Levi
omponent of P and M = SL±2 (R)× SO(n− 2) the group of real points of the semisimple
part therein.
Here, the desription of ohomologial representations does not depend on the parity of
n. Thus, the results are stated in a way appealing to both the odd and even ase, though
still in terms of pairs (q, λ).
The odd ase and even ase. In both ases there are just two Levi subgroups up to
isomorphism, L0 = SL2(R) × SO(n − 2) and Lk−1 = SO(2)k−1. If F is an irreduible
nite dimensional representation of SL2(C)× SO(n − 2,C) of regular highest weight µ, in
ase of Lk−1 there are two irreduible unitary representations A
+
k−1(λ) and A
−
k−1(λ) of M
+
with non-zero ohomology twisted by F . They owe to the disrete series of SL2(R). The
regularity of µ entails that there is none for L0. The result for M is stated in
Proposition 3. Let F = Fµ be an irreduible nite dimensional representation of SL2(C)×
SO(n−2,C) of regular highest weight µ. There is a unique irreduible unitary representation
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Ak−1(λ) of SL
±
2 (R)× SO(n− 2) with non-zero ohomology twisted by F , neessarily with
λ = µ, and
Hq(m,KM ;Ak−1(λ)⊗ Fµ) =
{
C q = 1, λ = µ
0 otherwise.
This representation is distinguished by the property that its restrition to M+ yields the
diret sum A+k−1(λ)⊕A−k−1(λ) of the two disrete series representations A+k−1(λ) and A−k−1(λ)
of M+.
5.4. Classes of type (π,w). The results obtained earlier in this setion are ombined and
the lasses of type (π,w) for the two standard maximal paraboli Q-subgroups of G are
listed.
The rst standard maximal paraboli Q-subgroup. Let P = P1 and drop the index for all
objets assoiated to and distint from P.
The odd ase. Let Fµw be the irreduible nite dimensional representation of M(C) ≃
SO(n,C) of highest weight µw |b from Kostant's theorem (f. 2.2). Moreover, let δ be
the Cayley transform mapping b to bc, the omplexiation of the maximally ompat θ-
stable Cartan subalgebra. Aording to Proposition 1 the representation Ak−1(λ) where
λ = δ(µw |b) is the unique irreduible unitary representation of M ≃ SO(n − 1, 1) with
non-zero ohomology twisted by Fµw .
Heneforth, notation is swithed from the Harish-Chandra module to the unitary repre-
sentation in order to introdue the abbreviation πk−1(µ) = π(Ak−1(δ(µw |b))).
The possible types of uspidal lasses forP1 in the odd ase then are (πk−1(µ), w)
for w ranging through WP1 .
The even ase. Let Fµw be the irreduible nite dimensional representation of M(C) ≃
SO(n,C) of highest weight µw|b = (µ2, . . . , µk) from Kostant's theorem and suppose µk−1 =
µk. In view of table 6 from 5.2 this onstraint exludes the two representations Fµw with
l(w) = k − 1 from the onsiderations to follow and amounts to requiring λk−1 = λk for the
highest weight λ = (λ1, . . . , λk) of (τ,E) in ase of the remaining ones.
Here, the θ-stable Cartan subalgebra b0 is itself maximally ompat. Therefore, aording
to Proposition 2 the representation Ak−2(λ) where λ = µw|b is the unique irreduible unitary
representation of M ≃ SO(n−1, 1) with non-zero ohomology twisted by Fµw . Again using
the abbreviation πk−2(µ) = π(Ak−2(µw|b))
the possible types of uspidal lasses for P1 in the even ase are (πk−2(µ), w)
for w ranging through WP1 .
The seond standard maximal paraboli Q-subgroup. Let P = P2 and drop the index for
all objets assoiated to and distint from P. Sine the subsequent disussion is formally
idential for both ases it is given but one.
Let Fµw now be the irreduible nite dimensional representation of M(C) ≃ SL2(C) ×
SO(n− 2,C) of highest weight µw |b. Moreover, let δ be the Cayley transform mapping b to
bc, the omplexiation of the maximally ompat θ-stable Cartan subalgebra. Aording to
Proposition 3 in either ase there is exatly one irreduible unitary representation Ak−1(λ)
of M ≃ SL±2 (R) × SO(n − 2) with non-zero ohomology twisted by Fµw , the one with
λ = δ(µw |b). In the notation πk−1(µ) = Ak−1(δ(µw |b))
the possible types of uspidal lasses for P2 are (πk−1(µ), w) for w ranging
through WP2 .
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6. Regular Eisenstein ohomology lasses
This setion provides the onstrution of regular Eisenstein ohomology lasses for the
two standard maximal paraboli Q-subgroups of G. The theorems appealing to the generi
ase (f. setion 3) are applied to obtain the nal results. As a delineation of possible
degrees in whih those regular Eisenstein ohomology lasses our the general vanishing
theorems are employed rst.
Suppose now that the highest weight λτ = (λ1, . . . , λk) of the irreduible nite dimen-
sional omplex rational representation (τ,E) be regular.
6.1. The range of ohomology. The values for the two quantities l0 and q0 assoiated
to G are omputed to be l0(G(R)) = 0 and q0(G(R)) = n. As a onsequene, the following
restritions on the ohomology of G an be inferred:
(1) the automorphi ohomology of G vanishes below degree n, i.e. Hq(g,K;AE⊗E) =
0 for q < n. For q ≥ n eah summandHq(g,K;AE,{P}⊗E), {P} 6= {G} is generated
by regular Eisenstein ohomology lasses.
(2) the uspidal ohomology of G ours only in degree n, i.e. Hq(g,K; ◦AE ⊗ E) = 0
for q 6= n.
The virtual ohomologial dimension is found to be vd(G) = 2n − 2. Hene, as a matter
of
Fat. In the generi ase the automorphi ohomology Hq(g,K;AE ⊗E) of G vanishes for
q 6∈ [n, 2n− 2].
6.2. Regular Eisenstein ohomology lasses. Let P be a standard maximal paraboli
Q-subgroup, π a ohomologial representation of LP(A) and f ∈ WP,p˜i. The Eisenstein
series EGP (f, λ) is evaluated at the real points λw = −w(λτ + ρ)|aP , w ∈ WP to obtain
non-trivial ohomology lasses.
The rst standard maximal paraboli Q-subgroup. For the sake of transpareny the index is
maintained when stating the nal results now.
The odd ase. Let 2 ∤ n and 2k = n+ 1. The real parameters λw for w ∈WP1 are given
in their normalisation with respet to ρ1 in table 11.
Table 11. λw = a1ρ1
l(w) w a1
0 1 −(λ1 + . . .+ λk + . . .+ λ1 + n) ·
1
n
1 s1 −(λ2 + . . .+ λk + . . .+ λ2 + (n− 2)) ·
1
n
.
.
.
.
.
.
.
.
.
k − 1 s1 . . . sk−1 −(λk + 1) ·
1
n
k s1 . . . sk−1sk (λk + 1) ·
1
n
.
.
.
.
.
.
.
.
.
n− 1 s1 . . . sk−1sk . . . s2 (λ2 + . . .+ λk + . . .+ λ2 + (n− 2)) ·
1
n
n s1 . . . sk−1sk . . . s2s1 (λ1 + . . .+ λk + . . .+ λ1 + n) ·
1
n
The nal result in the present ase may now be stated as the
Theorem 5. Let G be the Q-rational form of Q-rank 2 of SO(n, 2) introdued in setion 4.
Suppose the highest weight λτ = (λ1, . . . , λk) of (τ,E) to be regular. Let P1 be the standard
maximal paraboli Q-subgroup of G with Levi omponent L1 ≃ SO(Fn−1,1)×GL1. In the
odd ase the G(Af )-module H
q(g,K;AE,{P1} ⊗E)
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◦ is generated in degree q = k−1+l for k ≤ l ≤ n by the regular Eisenstein ohomology
lasses [EGP1(f, λw)] assoiated to uspidal lasses of the single type (πk−1(µ), w) with
l(w) = l
◦ vanishes otherwise, that is for q 6∈ [n, 3n−12 ].
Remark. Notie that 4n−4− (3n−1) = n−3, whih for n ≥ 5 implies that the summand
Hq(g,K;AE,{P1} ⊗ E) doesn't ever ontribute to the automorphi ohomology of G in
degree q = vd(G).
Proof. Take a uspidal lass of type (πk−1(µ), w), the degree of whih is k− 1, and onsider
the assoiated Eisenstein series EGP1(f, λ) for f ∈ WP1,p˜ik−1(µ). Aording to Theorem 2,
setion 3, if EGP1(f, λ) is holomorphi at λw, the automorphi form E
G
P1
(f, λw) will represent
a non-trivial Eisenstein ohomology lass of degree q = k − 1 + l(w).
By the vanishing of the automorphi ohomology of G in degrees less than n only the
lasses of type (πk−1(µ), w) for those w have to be taken into aount for whih k−1+l(w) ≥
n, that is for whih l(w) ≥ k. Sine P1 is maximal and k ≥ 12 dim n1, Theorem 3, setion 3,
ensures that EGP1(f, λ) is holomorphi at λw.
Finally, k − 1 + n = 3n−12 omputes the upper bound for the non-vanishing. 
The even ase. Let 2 | n and 2k = n+ 2. The real parameters λw for w ∈WP1 are given
in their normalisation with respet to ρ1 in table 12.
Table 12. λw = a1ρ1
l(w) w a1
0 1 −(λ1 + . . .+ λk + λk−2 + . . .+ λ1 + n) ·
1
n
1 s1 −(λ2 + . . .+ λk + λk−2 + . . .+ λ2 + (n− 2)) ·
1
n
.
.
.
.
.
.
.
.
.
k − 2 s1 . . . sk−2 −(λk−1 + λk + 2) ·
1
n
k − 1
(
s1 . . . sk−2sk
s1 . . . sk−2sk−1
−(λk−1 − λk) ·
1
n
(λk−1 − λk) ·
1
n
k s1 . . . sk−2sk−1sk (λk−1 + λk + 2) ·
1
n
.
.
.
.
.
.
.
.
.
n− 1 s1 . . . sk−1sksk−2 . . . s2 (λ2 + . . .+ λk + λk−2 + . . .+ λ2 + (n− 2)) ·
1
n
n s1 . . . sk−1sksk−2 . . . s2s1 (λ1 + . . .+ λk + λk−2 + . . .+ λ1 + n) ·
1
n
The nal result about the summand in the automorphi ohomology of G indexed by P1
in the even ase is
Theorem 6. Let G be the Q-rational form of Q-rank 2 of SO(n, 2) introdued in setion 4.
Suppose the highest weight λτ = (λ1, . . . , λk) of (τ,E) to be regular and suh that λk−1 =
λk. Let P1 be the standard maximal paraboli Q-subgroup of G with Levi omponent
L1 ≃ SO(Fn−1,1)×GL1. In the even ase the G(Af )-module Hq(g,K;AE,{P1} ⊗ E)
◦ is generated in degrees q ∈ [n, 3n2 ] by the regular Eisenstein ohomology lasses
[EGP1(f, λw)] assoiated to the uspidal lasses of type (πk−2(µ), w) of degree d =
k − 2, k − 1 with l(w) ∈ {k, . . . , n} suh that q = d+ l(w)
◦ vanishes otherwise, that is for q 6∈ [n, 3n2 ].
Remark. (i) As n ≥ 6 the dierene 2 · vd(G) − 3n = n − 4 shows that the summand
Hq(g,K;AE,{P1} ⊗ E) doesn't ever ontribute in degree q = vd(G).
(ii) The proof is analogous to the odd ase and as k − 1 + n = n2 + n also the vanishing
statement is seen to be true.
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The seond standard maximal paraboli Q-subgroup. As before, the index is maintained for
stating the nal results.
The real parameters λw for w ∈WP2 are given in their normalisation with respet to ρ2
in tables 13 and 14 for the odd (2k = n+ 1) and the even ase (2k = n+ 2) respetively.
Table 13. λw = a2ρ2
l(w) w a2
0 1 −(λ1 + . . .+ λk + . . .+ λ2 + (n− 1)) ·
1
n−1
1 s2 −(λ1 + . . .+ λk + . . . λ3 + (n− 2)) ·
1
n−1
.
.
.
.
.
.
.
.
.
k − 2
8><
>:
s2 · · · sk−1
s2s1s3s4 · · · sk−2
et.
−(λ1 + . . .+ λk + (n− k + 1)) ·
1
n−1
−(λ2 + . . .+ λk + λk−1 + (n− k + 1)) ·
1
n−1
et.
.
.
.
.
.
.
.
.
.
n− 2
8>>><
>>>:
s2 · · · sk · · · s2
s2s1s3s4 · · · sk · · · s4s3
.
.
.
s2s1s3s2s4s3 · · · sk−1sk−2sk
−(λ1 + 1) ·
1
n−1
−(λ2 + 1) ·
1
n−1
.
.
.
−(λk−1 + 1) ·
1
n−1
n− 1
8>>><
>>>:
s2 · · · sk · · · s2s1
s2s1s3s4 · · · sk · · · s4s3s2
.
.
.
s2s1s3s2s4s3 · · · sk−2sksk−1
(λ1 + 1) ·
1
n−1
(λ2 + 1) ·
1
n−1
.
.
.
(λk−1 + 1) ·
1
n−1
.
.
.
.
.
.
.
.
.
3k − 3
8><
>:
s2 · · · sk · · · s2s1s2 · · · sk
s2s1s3s4 · · · sk · · · s2 · · · sksk−1
et.
(λ1 + . . .+ λk + (n− k + 1)) ·
1
n−1
(λ2 + . . .+ λk + λk−1 + (n− k + 1)) ·
1
n−1
et.
.
.
.
.
.
.
.
.
.
2n− 4 s2 . . . sk . . . s2s1s2 . . . sk . . . s3 (λ1 + . . .+ λk + . . . λ3 + (n− 2)) ·
1
n−1
2n− 3 s2 · · · sk · · · s2s1s2 · · · sk · · · s2 (λ1 + . . .+ λk + . . .+ λ2 + (n− 1)) ·
1
n−1
Remark. As a matter of fat, whih is also suggested by the table, for λw = a2ρ2 the
minimum to be attained by a2 as λ ranges through the set of dominant regular weights
depends only on the length of w.
The nal result in both ases  apparently with a shift in meaning for k  reads as
Theorem 7. Let G be the Q-rational form of Q-rank 2 of SO(n, 2) introdued in setion 4.
Suppose the highest weight λτ = (λ1, . . . , λk) of (τ,E) to be regular. Let P2 be the standard
maximal paraboli Q-subgroup of G with Levi omponent L2 ≃ SO(Fn−2)×GL2. In the
odd ase the G(Af )-module H
q(g,K;AE,{P2} ⊗E)
◦ is generated in degree q = 1 + l for n − 1 ≤ l ≤ 2n − 3 by the regular Eisenstein
ohomology lasses [EGP2(f, λw)] assoiated to uspidal lasses of type (πk−1(µ), w)
with l(w) = l
◦ vanishes otherwise, that is for q 6∈ [n, 2n − 2].
Remark. (i) Notie that Hq(g,K;AE,{P2}⊗E) ontributes in every single possible degree
to the automorphi ohomology of G.
(ii) The proof follows along the same lines as that of Theorem 5. Here, 1+2n−3 = vd(G)
omputes the upper bound for the non-vanishing of Hq(g,K;AE,{P2} ⊗ E).
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Table 14. λw = a2ρ2
l(w) w a2
0 1 −(λ1 + . . .+ λk + λk−2 + . . .+ λ2 + (n− 1)) ·
1
n−1
1 s2 −(λ1 + . . .+ λk + λk−2 + . . .+ λ3 + (n− 2)) ·
1
n−1
.
.
.
.
.
.
.
.
.
k − 3
8><
>:
s2 · · · sk−2
s2s1s3s4 · · · sk−3
et.
−(λ1 + . . .+ λk + (n− k + 2)) ·
1
n−1
−(λ2 + . . .+ λk + λk−1 + (n− k + 2)) ·
1
n−1
et.
.
.
.
.
.
.
.
.
.
n− 2
8>>><
>>>:
s2s3 · · · sksk−2 · · · s3s2
s2s1s3s4 · · · sksk−2 · · · s4s3
.
.
.
s2s1s3s2s4 · · · sk−2sk−3sk−1sk−2
−(λ1 + 1) ·
1
n−1
−(λ2 + 1) ·
1
n−1
.
.
.
−(λk + 1) ·
1
n−1
n− 1
8>>><
>>>:
s2s3 · · · sksk−2 · · · s2s1
s2s1s3s4 · · · sksk−2 · · · s3s2
.
.
.
s2s1s3s2s4 · · · sk−2sk−3sk−1sk−2sk
(λ1 + 1) ·
1
n−1
(λ2 + 1) ·
1
n−1
.
.
.
(λk + 1) ·
1
n−1
.
.
.
.
.
.
.
.
.
3k − 4
8><
>:
s2s3 · · · sksk−2 · · · s2s1s2 · · · sk−2sksk−1
s2s1s3s4 · · · sksk−2 · · · s4s3s2s3 · · · sk−2sksk−1sk−2
et.
(λ1 + . . .+ λk + (n− k + 2)) ·
1
n−1
(λ2 + . . .+ λk + λk−1 + (n− k + 2)) ·
1
n−1
et.
.
.
.
.
.
.
.
.
.
2n− 4 s2 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s3 (λ1 + . . .+ λk + λk−2 + . . .+ λ3 + (n− 2)) ·
1
n−1
2n− 3 s2 · · · sksk−2 · · · s2s1s2 · · · sk−2sk · · · s2 (λ1 + . . .+ λk + λk−2 + . . .+ λ2 + (n− 1)) ·
1
n−1
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Appendix A. The set of minimal oset representatives as Hasse diagram
Studying redutive algebrai groupsG in general there is the question of how to determine
the set WP of minimal oset representatives assoiated to a paraboli Q-subgroup P by
way of a preferably eient algorithm. Suh an algorithm is obtained by elaborating on the
results of [Kos℄ (f. [B-E℄).
A.1. The Bruhat order on the Weyl group. Notation is as in setion 1. Let W =
W (G,T) denote the Weyl group for a xed maximal torus T ⊂ G, B ⊂ G be a Borel
subgroup ontaining T and Φ+ the orresponding system of positive roots. Then W an be
given the struture of a partially ordered set by introduing the Bruhat order :
set w′ ≤ w if w = w′′w′ for some word w′′ in the alphabet {sα}α∈Φ+ and
l(w′) ≤ l(w),
where l(w) is the length of w ∈ W . Depiting W together with the Bruhat order as a
direted graph yields what is alled a Hasse diagram
6
:
◦ draw a vertex for eah element w ∈W and
◦ join two elements w,w′ ∈W by an arrow w′ sα→ w, if w = sαw′ and l(w) = l(w′)+1.
Let P = LPNP be a paraboli subgroup of G standard with respet to B. The Weyl
group WLP ats as a subgroup on W and the orbit spae WLP\W has a distinguished set
of representatives WP = {w ∈ W |w−1(∆(LP,T)) ⊂ Φ+}, alled the set of minimal oset
representatives. As a subset of W it inherits the Bruhat order and thus the struture of a
Hasse diagram. This struture will now be used to determine its elements.
A.2. The atual determination of the Hasse diagram. Let Φ(NP) be the set of
weights for the adjoint ation of T in the Lie algebra nP of the unipotent radial of P.
Now, if for w ∈W the set Φw = {α ∈ Φ+|w−1(α) ∈ −Φ+} is introdued, then
w−1(∆(LP,T)) ⊂ Φ+ ⇐⇒ Φw ⊂ Φ(NP),
simply for the fat that Φ+(LP,T) ∪ Φ(NP) = Φ+(G,T). So WP may as well be hara-
terised as
WP = {w ∈W |Φw ⊂ Φ(NP)}.
The sets Φw ⊂ Φ+ have some nie properties, two of whih are stated below.
(a) The ardinality of Φw is given as |Φw| = l(w).
(b) Let w ∈ W and α ∈ Φ+. Then α is either ontained in Φw or Φsαw. Moreover,
l(sαw) > l(w) if and only if α 6∈ Φw. For a simple root α this speies to: l(sαw) = l(w)+1
if α 6∈ Φw and l(sαw) = l(w)− 1 if α ∈ Φw.
The seond one will be alled `bak-or-forth alternative' due to the seond part about
simple roots.
Proposition 4. For every w ∈ W there are unique elements wP ∈ WLP and wP ∈ WP
suh that w = wPw
P
and l(w) = l(wP) + l(w
P).
Remark. The seond part of the proposition exhibits WP as the set of minimal oset
representatives. A proof an be found in [Kos℄.
Let λ be a dominant weight, dominant for the derived group of G. The Bruhat order on
W indues a partial order on the W -orbit of λ: if w′ ≤ w, then w′(λ) ≥ w(λ). And the idea
is to realise WP as a subset of the W -orbit of an appropriate dominant weight λ. If ΣP
is to denote the set of simple roots in Φ(NP), dene δP to be the sum of all fundamental
weights orresponding to simple roots in ΣP. The desired algorithm an be established in
guise of the
6
See for instane R. Stanley, Enumerative ombinatoris. Vol.1. Cambridge Studies in Advaned Math-
ematis. 49. Cambridge: Cambridge University Press. xi, 326 p, 1999.
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Proposition 5 (Algorithm). (1) The mapping w 7→ w−1(δP) indues a bijetion between
the set WP and the W -orbit of δP.
(2) If w ∈ WP and α ∈ ∆ suh that α 6∈ Φw−1 and sα(w−1(δP)) 6= w−1(δP), then
w
sw(α)−→ wsα, Φwsα = Φw ∪ {w(α)} and wsα ∈WP.
Remark. (a) Sine sw(α) = wsαw
−1
, wsα is seen to equal sw(α)w showing the result to t
the initial denition.
(b) The rst ondition in part (2) means not to go bak, the seond not to halt.
Remark. A proof an be supplied with the help of [B-E℄.
In order to atually make use of this algorithm the ation of a simple reetion sα on a
weight λ in Dynkin diagram notation has to be made expliit. Let {α1, . . . , αk} be the set
of simple roots in Φ+. Let α∨i denote the dual root for αi and ωi the fundamental weight
orresponding to αi, 1 ≤ i ≤ k. For any weight λ set ci(λ) = (λ, α∨i ) for the oeient
of λ relative to ωi. In partiular, λ =
∑k
i=1 ci(λ)ωi and ci(λ) is plaed above the node in
the Dynkin diagram orresponding to αi. Now, the simple reetion sj = sαj takes λ to
sj(λ) = λ− (λ, α∨j )αj , suh that the oeient of sj(λ) relative to ωi omputes as
ci(sj(λ)) = ci(λ)− (λ, α∨j )ci(αj)
= ci(λ)− cj(λ)(αj , α∨i ).
The oeient ci(λ) is altered by sj if and only if (αj , α
∨
i ) 6= 0. Suppose therefore this to
be granted, then there are two ases to be distinguished: if j = i, then of ourse ci(sj(λ)) =
−ci(λ). If on the other hand j 6= i, then (αj , α∨i ) ∈ {−1,−2,−3} orresponding to the
following piees of Dynkin diagrams:
−1 −2 −3
◦
αj
◦
αi
<◦
αj
◦
αi
>◦
αj
◦
αi
<◦
αj
◦
αi
>◦
αj
◦
αi
Consequently, the ation of sj on a weight λ in Dynkin diagram notation with b = cj(λ)
is seen to be:
λ sj(λ) λ sj(λ) λ sj(λ)
◦a ◦b ◦ −→ ◦
a+b ◦-b ◦b+
<◦
a ◦b ◦ −→ <◦
a+b ◦-b ◦b+ >◦
a ◦b ◦ −→ >◦
a+b ◦-b ◦2b+
<◦
b ◦ −→ <◦
-b ◦b+ >◦
b ◦ −→ >◦
-b ◦3b+
The operating devie for applying the algorithm may now be stated as the two stage
proedure:
Stage 1 depit the rossed Dynkin diagram for P and write the oordinates of the
weight δP relative to the fundamental weights above the orresponding rossed, resp. un-
rossed nodes. Then take all simple reetions sα with sα(δP) 6= δP, apply every one of
them separately to δP using the rules ompiled in Dynkin diagram notation above, depit
the resulting weights sα(δP) to the right of δP eah joining to the latter by an arrow pointing
to its transform under sα and labelled by sα. In the next step do the analogous thing for
every sα(δP), that is having hosen one take all simple reetions sβ with β 6∈ Φsα and
sβsα(δP) 6= sα(δP) et. Repeat this step by step operation until it stops, that is until it
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produes the situation that for any of the weights arrived at in the previous step the appli-
ation of any simple reetion would map it to a preeding one or to itself. In terms of part
(2) of the proposition this situation is the one, where for the rst time no simple reetion
is left meeting both hypotheses.
Stage 2 given the whole W -orbit of δP the elements of W
P
are obtained as the words
in the simple reetions that an be built by reading the labels from the arrow to the very
left to any arrow right to it.
. Finally, there shall be given two examples of Hasse diagrams. Let P2 be the seond
standard maximal paraboli Q-subgroup of the group G from setion 4. On the following
two pages planar graphs are shown depiting (parts of)
7
the Hasse diagram WP2 in ases
n = 5, 6.
7
The graph for n = 6 falls short of being the atual Hasse diagram in that it laks some arrows. Thus,
it does not properly depit the partial order on WP. A renement of the algorithm from Proposition
5 providing means to obtain these missing arrows will eventually be available from the book A. ap, J.
Slovák, Paraboli geometries, whih is in preparation to
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n = 5:
W = 〈s1, s2, s3〉, dim n2 = 2 · 5− 3 = 7, |WP2 | = 3 · 4 = 12
>◦-1 ×0 ◦2 s3 // >◦-1 ×2 ◦-2 s2 // >◦1 ×-2 ◦2
s1
''OO
OOO
OOO
s3 // >◦1 ×0 ◦-2
s1
''OO
OOO
OOO
>◦0 ×1 ◦0 s2 // >◦1 ×-1 ◦2
s1
77oooooooo
s3 // >◦1 ×1 ◦-2
s1
77oooooooo
s2 // >◦2 ×-1 ◦0 s1 // >◦-2 ×1 ◦0 s2 // >◦-1 ×-1 ◦2 s3 // >◦-1 ×1 ◦-2 s2 // >◦0 ×-1 ◦0
EI
S
E
N
S
T
E
I
N
C
O
H
O
M
O
L
O
G
Y
F
O
R
C
O
N
G
R
U
E
N
C
E
S
U
B
G
R
O
U
P
S
O
F
S
O
(n
,2
)
2
9
n = 6:
W = 〈s1, s2, s3, s4〉, dim n2 = 2 · 6− 3 = 9, |WP2 | = 3 · 8 = 24
Remark. Notie that s3 and s4 ommute, whereas s2 and s4 do not.
✟
❍◦
0 ×-1 ◦2
◦0 s4 // ✟
❍◦
0 ×1 ◦-2
◦0
s2
''PP
PP
✟
❍◦
-1 ×1 ◦1
◦-1
s2 77nnnn
s4
''PP
PP
✟
❍◦
1 ×-1 ◦-1
◦1
s3
''PP
PP
✟
❍◦
-1 ×0 ◦1
◦1
s3 77nnnn
s4
''PP
PP
✟
❍◦
-1 ×2 ◦-1
◦-1 s2 // ✟
❍◦
1 ×-2 ◦1
◦1
s4 77nnnn
s3
''PP
PP
✟
❍◦
1 ×0 ◦-1
◦-1
s1
0
00
00
00
00
00
00
00
00
00
0
✟
❍◦
-1 ×1 ◦-1
◦1
s3 77nnnn
s2
''PP
PP
✟
❍◦
1 ×-1 ◦1
◦-1
s3 77nnnn
✟
❍◦
0 ×-1 ◦0
◦2 s3 // ✟
❍◦
0 ×1 ◦0
◦-2
s2 77nnnn
✟
❍◦
1 ×0 ◦1
◦-1
s4
''PP
PP
✟
❍◦
-1 ×0 ◦-1
◦1
s3
''PP
PP
✟
❍◦
0 ×1 ◦0
◦0 s2 // ✟
❍◦
1 ×-1 ◦1
◦1
s1
GG
s3 77nnnn
s4
''PP
PP
✟
❍◦
1 ×1 ◦-1
◦-1 s2 // ✟
❍◦
2 ×-1 ◦0
◦0 s1 // ✟
❍◦
-2 ×1 ◦0
◦0 s2 // ✟
❍◦
-1 ×-1 ◦1
◦1
s4 77nnnn
s3
''PP
PP
✟
❍◦
-1 ×1 ◦-1
◦-1 s2 // ✟
❍◦
0 ×-1 ◦0
◦0
✟
❍◦
1 ×0 ◦-1
◦1
s3 77nnnn
✟
❍◦
-1 ×0 ◦1
◦-1
s4 77nnnn
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